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Chapter 2: Special Relativity and Electromagnetism

Problem (2.3): Show explicitly the boost (2.11) indeed leaves the distance (2.8) invariant.
Solution: The distance, (2.8), is given as:

ds* = —(cdt)? + da* + dy* + dz* (1)
which I will write as:
—dt?
dx?
() = | O @
dz?

where (dz°)? = —dt? and ¢ = 1 for simplicity.
The boost (2.11) is given as:

cosh¢ —sinh¢ 0 0
w _ | —sinh¢ coshg¢ 0 0
M=l o 0 10 ®)
0 0 0 1
where ¢ is a parameter, ranging from —oo to oo, given by ¢ = tanhfl(v).
To transform this interval, it can be multiplied by Eq. (3):
coshgp —sinhg 0 0O —dt?
W2 ap g2 | —sinh¢  coshg 0 0 dx?
0 0 0 1 dz?
This results in the matrix:
cosh ¢dt? — sinh ¢pdx?
¥ — sinh ¢dt? + cosh ¢dz?
(dat)? = ot eoshe (5)
Y
dz?
Recalling that ¢ = tan~!(v), (dz*)? can be simplified down to:
2 (dt? — v2dx?)
/ 2(dz? — v2dt?)
dzt )2 = |7 ( 6
(@) Py ()
dz?

where v = 1/v/1 — v2.
So to show that the spactime interval is invariant under the Lorentz transformation, we need to show that
—(dt")? + (d2')? = —dt?® + dx?:
—(dt")? + (da')? = 72dt? — v y2da? + 2 da® — v2 2 dt?
=2 (1 — 1)2) dt? +~? (1 — 1)2) da?
= dt* + da?
= —(dt')? + (d2')? = dt* + da?®



And since (dy')? = dy? and (dz’)? = dz?, we have shown that the spacetime interval is invariant under Lorentz
transformations: (ds’)? = ds?

Problem (2.4): Show that €7*#79, F, 5 = 0 is equivalent to half of the Maxwell equations.

Solution: With the knowledge that the Levi-Civita symbol, 7?7, is equal to one only when there is an even
permutation in the ca vy indices, this becomes:

1 if cafy is an even permutation
P = {0  repeated indices (8)

—1 else

in four dimensions where 0 — ¢, 1 — z, 2 — y, and 3 — z. We can begin to arrive half of the Maxwell equations by
plugging values into the o index of €7*57 since this restrict the values of the other indices that do not result in zero.
Starting with o = 0:
P19, Fop =0
— 6012383F12 + 6023131F23 + 6031282F31 + 6032131F32 + 6021383F21 + 6013262F13 =0 9)
= 03F12 + 01F23 + OoF31 — O1F32 — 03F3 — OoF13 =0 =
And since Fi g is defined as the field equation below:

0 —-E, —-Ey —Es
B 0 Bs —DBy

Fes=\p, -B, 0o B (10)
Es By —-By 0
Eq. (9) becomes:
201B1 + 209B5 + 203B3 =0
= 0B, +0yBy, +0.B,=0 (11)
— V.-B=0
Now considering ¢ = 1, this results in:
P9, FP = ,B, + 0,E, — 0,Ey + 9,E, + 0B, — 0,E, =0 (12)
= 2(0By +0,E. —0,E)) = 0B, +0,E, —0.E, =0
o = 2 results in:
0B, —0,E; — 0By + 0;E, —0:By — 0,E, =0 (13)
= —2(0:By —0;E,+0,E,)=0 = 0By, —0,E.+0.E;,=0
o = 3 results in:
—0yEy + 0B, + 0, By — 0yFEy + 0By + 0:B, =0 (14)
= —0,E,+0,B,+0,E,=0
Combining the o = 1, 2, 3 results gives us:
OBy + OyE, — 0,E, + 0By — 0, E, + 0,E;, —0yEy + 0B, + 0, E, =0 (15)

Notice here that all of the 9, terms make up the components of d,B and all of the §; terms, where i € {z,y, 2z} make
up the components of V x E, giving us the third Maxwell equation:

-~ 0B

VxE+—=0 16

+ 5 (16)

Chapter 3: Some Elements of General Relativity

Problem (3.1):
Problem (3.2): Given the formula for the covariant derivative of a vector (3.10) V*#, assume that the covariant
derivative of a vector with its index down is given by:

V.V, =0V, + T2, Vi.

ng



Show that for the derivative of a scalar V,V* to be given by just the partial derivative, one has to have that
I’f;l, = —)\fw. Therefore the covariant derivative of a vector with its index down is given by:

A
ViV =0V, =T, Vi
For the derivative of a scalar V,,V# to be given by just the partial derivative,
V,V,V")=0,V,V") (17)

must be satisfied. Since the partial derivative operator and covariant derivative operators are linear, it must be true
that

Vv v, +vev,vr =vio.v, +vV,0,V". (18)
We know the definition of V, V" so this brings the expression to:
VULV, 4V, 0,V + T V) = VY0, V, + V,0,V". (19)

We can expand the V,V,, component with our assumption of what form the covariant derivative of a covariant vector
will be so this becomes:

VY (0.V, + T

nv

Va) + Vi, (0.VY + T, V) = VY0V, + V,0,V". (20)
It’s clear that the partial derivative terms will cancel, leaving us with:
VI VA = =V I,V (21)

It’s crucial to notice that both sides of this expression, when summed over all relevant indices, will only be in terms
of p. Because of this, v and A are dummy indices. Making the index swap so that v — A and A — v on the right
hand side of this expression results in:

VI, Vi = =Wl V" (22)

This allows us to swap the positions of the V¥ and V) terms on the right hand side of this expression, leaving us
with: -
VI Vi = =V*T,, Vs (23)

The V¥ and V) terms appear on both sides of the expression so can be cancelled to result in an expression only
comparing T, and T, :

L, =-T, (24)
which is the desired result.
Problem (3.3): The general formula for the covariant derivative of a tensor with k upper indices and [ lower
indices is given by
VATl = WD + DT+ A DT

AoTvi...yp (25)

_T9 Hi--MEe .. _TO 1.k
)\l/lTU...l/l F)\VlTul...U °

Show that the covariant derivative of the metric vanishes if the connection is the Christoffel connection.
Solution: Including only the relevant terms in the general form of the covariant derivative of any tensor when
one considers a metric g, leaves us with:

VAQ;W = a)\gm/ - PK#QJV - Fiygp,a" (26)

The definition of the Christoffel symbols alters this expression to be of the form:

1
Vg = az\g,uu — =9009°" (aAgpu + augp)\ - apgAu)

2
2 (27)
_§guagop (a)\gup + 8Vg/\p - apg)\u)
The metrics being multiplied by each other all have o terms so they become Kronecker delta functions:
1
V)\gul/ = a/\guu - §6£ (aAng + 5Mgp>\ - 6;)9/\;1,) (28)

1
_56;[: (a/\gl/p + augkp - apg)\u)



which then make the change of variables p — v for the left-hand expression and y — p for the right-hand expression,
leaving us with:

1
v)\guu = a)\gw/ - 5 (a)\guu + 8ugu/\ - 8pg>\p,>
) (29)
_5 (a)\gl/u, + 8119/\H - 8ug>\u) .

By inspection, all of the terms above will cancel with each other since we have assumed that the metric is symmetric
(v = gup) so this leaves us with the desired result:

Vg = 0. (30)

This result should be expected since the metric of our manifold should not change as we parallel transport vectors
along curves on it.

Problem (3.4): Show that if the connection is symmetric and the covariant derivative of the metric vanishes,
the connection is given by the Christoffel symbols using the method in the text.

Solution: If the covariant derivative of the metric vanishes, then

Vag;w = Vugm/ = VUgG’;L = 0. (31)

So we can write out the terms of these three statements with the original definition of the covariant derivative and
sum them in a way such that we’re only let with an expression for a single Christoffel symbol. Beginning with V,g,,,:

vag/tl/ = aﬂg#” - Fr);l/gML - F:),ILQAV =0 (32)
v,ugal/ = OuYov — Fﬁyg)\a - F;}gg)\l/ =0 (33)
vuga,u = 31/90# - Fi\“g)\a - Flégg)\,u =0 (34)

Now with some trial and error along with some luck, one realizes that if Eq. (32) and Eq. (33) are subtracted
from Eq. (34) when the assumption that the Christoffel symbols are symmetric (Ffj = F?i), there will remain an
expression in terms of a single Christoffel symbol once the smoke clears:

009 + 10090 + Top9rw — Oubov + Thudre + Tnodrw + 0uop — T0,9r0 — Tovdru (35)
—OoGuv — 8ugm/ - 6l/gou - 2F§Mg)\l/ =0 (36)

1 v
Fg,u = §g>\ (aag;w + 8,ugau - 51/90#) (37)

Problem (3.6): Compute p(t) for the dust filled FRW model with a(t) = t2/3.
Solution: Since we want an expression for p(t), we are looking for the Ty term in the Einstein field equations:

1 1
I = Thn =
8 C <Roo 2900R> 0o = p(t) (38)
with the diagonal metric:
-1 0 0 0
0 3 0 0
Juv = 0 0 t2/3 0 (39)

0 0 0 3
I will begin by solving the Ricci tensor Rgyg using its definition in terms of the Christoffel symbols:
Roo = 0o — 0oLt + Lol — Dol G- (40)
Now I will take a look at the individual Christoffel symbols:
1

F§o=§gk” (Fe70 + og70 — Dpi0) = 0 (41)

Since I'f, = 0, this reduces the Ricci tensor down to:

Roo = —8()ng + _Fgm g}e (42)



Continuing on:
1
_F’gm = _79 (angm +Qm’g/ M) _79Tp609pm (43)
Since we have a diagonal metric, the following must be true:
L = —T6m = Itk (44)

Again, because we have a diagonal metric, the only non-zero components of Ryy will be when k = p =m = r in the
Christoffel symbols (note: if I really didn’t get the correct answer, this would be my incorrect assumption made).
This results in:
Roo = —00T'gy, — T6, Lk
1 1
= Roo = _560 (gkpaogpk) - ngpgmpao (gpm + gpk) (45)

1 1
= Ry = *530 (9" Bogrr) — ngkgkkao (grr + grr)

Now turning to the —% guvR term of the Einstein field equations and using the same assumption that the indices
must be the same since this is a diagonal metric:

R=g""R,,. (46)
Writing out the Ricci tensor again:
RNM :/gng— 9 0 + F?LOFglm - Fgmr(% (47)

Inspecting the Christoffel symbols and occasionally adopting the notation that dog,. = guv,0:
1

1 (o7

Fgo =359 0 (Gau,0 + Gabr — Guoa) = 5 9an,0 (48)
m 1 am 1 am

Lo = 59 (,QM"’ Jam,0 _M) = 59 oGam (49)

1
5o = 59" (et + Gererr — goorr) = 0 (50)

These three expression simplify the R,,, Ricci tensor into:
— 179 m — 1 o 1 am g

R/JP« - /J,OFOm - _5 09ap 59 09am (51)

Again making the assumption that all of the indices must be the same in order to avoid the zero components of the
metric:

1 am
Ry = _19 do (gaugam)
(52)

1
= Ry, = —Zg““ao (9upIpp)

Combining all of this into the Einstein field equation:

1 1
C <R00 - 2gooR> = p(t)

1 1
- p(t) = 871'G (Ro() + iR

1 1 1 1 1
= p(t) = e <280 (9" 00Gpup) — 59”“9””80 (Gpp) + 59## <9M”49MH80 GupIpp >)

1 1 1 1
= pt) = —— (—30 (9" 0o guu) — 59“ 9" 0o (guu) + 37 MO0 (9pnlpum)

831G 2

where g, = -1 + 3t%/3 and gt = —1 + 3t3/2



Chapter 4: Hamiltonian Mechanics including Constraints and Fields

Problem (4.1): Show that the Poisson brackets satisfy the Jacobi identity, that is, if f, g, h are three functions of
phase space, then,

{{fvg}vh} + {{g’h}’f}+ {{hv f}vg} =0

Use it to show that if one has two constants of motion, one can generate a (potentially) new constant of motion by
considering the Poisson bracket.
Solution: I will carry this out with a straight-forward caveman proof:

oh 8 [0f 39) oh 8 ( )
) h} = -
Hhghht = Z Op; 0q; (3% Ip; Op; 0q; \ Op; 0q; (54)
oh 8 (8f g\ Oh O 6f dg
g, Ip; \ dg; Ip; 0q; Op; \ Op; 0q;
of o (a h) of o (ag 8h>
h =
Ho.ht 1} = Z Op; 0g; Op; 0q; \ Op; 0q; (55)
8f8( >+6f8<898h)
0q; Op; \ 0q; dq; Op; \ Opi 0q;
896 (h > dg 0 (8h8f>
h7 b)
W 1h0r =25, 90 \ag 9p: 0a, \ g, Op, 6
dg 0 h dg O (0Oh Of
~ dg; Op; 8pz dq; Op; \ Dq; Ip;
Expanding these terms out:
Oh 0g O*f Oh Of 0%g Oh 8g O°f Oh Of 9%g
{{f’}h}iz Pl wr -l wr -yl
Op; Op; 0%q; ~ Op; Oq; 0q;0p;  Op; Oq; Oq;0p;  O; Op; 0%q; (57)
oy 5 ohor Po ohoy s on o o
8%‘ 31%‘ 31%“111 3%‘ 3(111 322%‘ 3(11: 361@ 321%’ 3%‘ 31%‘ 31%‘3%
of Oh 9%g of 8g 0O°h of Oh 0%g Of dg 0%h
ah + - -
Hohh 1) = Z Op. 0p: Pac " Op: D, D0idp.  Op: 00; Daidpi  Opi O, g 59
oron oy of oy #h o on % | of oy o
3%’ 52%‘ 5]%5%‘ 5'111' 5%‘ 32pi 5%‘ a%‘ 5'2]71' aQi 5'pi 5'1%'5'(]1'
dg Of ®h  8g Oh 82f g Of 82h g Oh O*f
{{h.f}.9} = Z 2 o A A a0 A 920 B A o
Op; Op; 0%q; ~ Op; 0q; 0q;0p;  Op; Op; 0%q;  Op; Oq; Dq;0p; (59)
_Bg of 0%h _ g Oh Of dg Of 0O%h Og Oh O°f
0¢; Op; Op;0q;  0g; 0q; 0%q;  Dgq; Op; OpiOq;  Oq; Dq; 9°p;

And, by inspection, all of these terms thankfully cancel out with each other when added together, resulting in the

statement:

of motion and show that the Hamiltonian vanishes. Why should have one expected the Hamiltonian to vanish?

gk by +{{g,h}, £} +{{h, f}, 9} =0.

Problem 4.4: The Lagrangian for a relativistic particle is given by L = —m./ufu,, where u* = da#/dr is the
four-velocity. Notice that the action is just given by the integral of the proper time. Work out the Lagrange equations

Solution: Starting from the Euler-Lagrange equation

we first find that

oL _df 0L \ |
oo i \5 (%)) ="
oL _
OxH

(60)

(61)

(62)



since L does not depend on x*. We then compute

A0 0 ([ de
dt (ddLT’) Ty 7dta(dm~r) A v dr dr

dr (63)
dm dat dzv\ " dz¥ d [ mu, d
=——(Nw——— 2N = — = —(mu") =
dt 2 dr dr dr dt \ \JuPuy, dt

Which is just the relativistic form of Newton’s second law. This tells us that p, = mu,. We can then compute the
Hamiltonian for the system using the Legendre transformation:

H = p,u" — L = muyu” — my/utu, =m—m=0. (64)

This should have been expected because the Hamiltonian of a free particle just corresponds to its rest mass energy
in its own frame.
Problem 4.5: The action for a scalar field is given by

S = f% /d4:1: (0,00 ¢ +m?¢?) .

Work out Hamilton’s equations of motion for it.
Solution: When we define

= , 65
5(0,0) (%)
Hamilton’s equations of motion for fields become:
. OH _OH
%= Bp; — Out = o (66)
OH OH
) = — ot = ———. 67
Since we are given an action, which is always written in the form
s = [ dtae(s.0,0), (68)

we can extract £(¢,0,¢), take the Legendre transformation of it to find H, and then find the equations of motion
above. First, since

L($,0,0) = 0,0 + m?¢?, (69)
we use this to compute
m =0"¢ (70)
then we have
H =70, — L =0"pd, ¢ — 00"+ m>¢* = m?¢>. (71)

With this, we find Hamilton’s equations of motion:

OH
5 =0 (72)
oH



