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Solutions to the Schrodinger equation determines a quantum mechanical system’s physical prop-
erties, such as its time evolution and energy levels. Since materials are made up of multiple atoms,
they are inherently a many-body quantum mechanical system. Solving the Schrodinger equation
for materials to determine their physical properties quickly becomes an intractable task for realistic
scenarios given the number of interactions that are necessary to consider. To solve the Schrodinger
equation for many-body systems, a set of approximations are used to make the problem feasibly-
solvable. The scheme that these approximations are carried out in is called density functional theory
(DFT). This review article will detail the assumptions central to DFT and how calculations are car-
ried out in current solid-state physics, computational chemistry, and materials science research.

I. INTRODUCTION

Central to quantum mechanics, the Schrodinger equa-
tion,

−iℏ∂Ψ(r, t)

∂t
= ĤΨ(r, t) (1)

governs the time evolution of a quantum system’s state
Ψ(r, t). Determining the wavefunction Ψ(r, t) by solving
the Schrodinger equation provides a complete descrip-
tion of a system, from which one can determine observ-
ables of the system and how these evolve in time. For
many scenarios, the time evolution is often not of cru-
cial interest, and one is instead interested in a state’s
time-independent properties, called stationary states. In
these cases, the wavefunction is assumed to be a separa-
ble function of position and time, which reduces Eq. (1)
to an eigenvalue problem for the stationary energy states
of the system;

ĤΨ(r) = EΨ(r) (2)

where

Ĥ = − ℏ2

2m
∇2 + V (r) (3)

is the Hamiltonian operator, which contains the kinetic
and potential energy of the system of interest. Of partic-
ular interest is the ground-state energy E0, which is the
lowest energy eigenvalue satisfying Eq. (2), since this is
the energy at which a system will be most stable.

This procedure is carried out for a variety of simple
single-particle and atomic scenarios throughout standard
undergraduate and graduate courses on quantum me-
chanics for which analytic solutions for the state and
its evolution can be analytically determined. More
physically-realistic systems contain many particles and
terms in the potential to account for, which makes ex-
act analytic solutions impossible to find without applying
simplifying assumptions.

Solving the Schrodinger equation for multi-atom sys-
tems is an especially difficult task, as these naturally give

rise to emergent phenomena such as correlations and sta-
tistical behavior.
The Hamiltonian for multi-atom systems consisting of

electrons and nuclei can be written as

Ĥ = T̂electrons + T̂nuclei + V̂ee + V̂nn + V̂en. (4)

Since the interactions between electron-electron, nuclei-
nuclei, and electron-nuclei pairs are all governed by the
Coulomb potential, we can write the multi-atom Hamil-
tonian more explicitly as

Ĥ = −
Ne∑
i=1

ℏ2

2me
∇2

ri
−

Nn∑
I=1
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+

1

2
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(5)

where |ri−rj | are the electron-electron distances, |RI −
RJ | are the nuclei-nuclei distances, |ri − RI | are the
electron-nuclei distances, Ne is the number of electrons,
Nn is the number of nuclei, me is the electron mass, MI

are the nuclei masses, e is the fundamental charge, and
ZI is the atomic number of the I-th nucleus.
From the Hamiltonian in Eq. (5), it is apparent that

solving a multi-atom system is very computationally-
intensive, so approximation techniques must applied to
the system’s Hamiltonian and the wavefunction Ψ de-
scribing the full state of the multi-atom system. This
paper will explain how the time-independent Schrodinger
equation for many-atom systems is solved by first de-
tailing all of the necessary approximations that need
to be applied to simplify our problem. We will first
briefly discuss two simplifications to our system of in-
terest, called the Born-Oppenheimer approximation and
the Hartree product, which make solving the time-
independent Schrodinger equation for many-atom sys-
tems slightly less complicated. We will then detail the
most powerful approximation technique, called density
functional theory, which allows us to solve the time-
independent Schrodinger equation through an iterative
process, which will be clearly laid out at the end of this
paper. We finally close this paper with how it is used in
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modern research and its widespread impact in a variety
of fields.

II. APPROXIMATION TECHNIQUES

A. Born-Oppenheimer Approximation

To begin simplifying the expression for our system,
we first use the fact that the mass of electrons is much
smaller than the mass of nuclei, meaning that the elec-
trons will move much more quickly than the nuclei. This
simplification, called the Born-Oppenheimer approxima-
tion, allows us to treat the nuclei as classical point
charges relative to the electron dynamics, meaning one
solves the Schrodinger equation for the electronic wave-
function and energy for a system with fixed nuclei. When
we only consider the electronic wavefunction, our Hamil-
tonian is significantly reduced by ignoring the effect of
the nuclei’s kinetic energy T̂nuclei and the nuceli-nuclei
potential Vnn in Eq. (5), leaving us with

Ĥ = T̂electrons + V̂ee + V̂en. (6)

B. Hartree Product

In only considering the electrons of a multi-atom sys-
tem, the electronic wavefunction is a function of all 3N
coordinates for an N−electron system;

Ψ(r1, r2, . . . , rN ), (7)

which captures correlations between all possible electron
pairs. We can simplify our 3N -dimensional electronic
wavefunction by instead considering N 3-dimensional
electronic wavefunctions. This simplification is called the
Hartree product [1], and this assumes a mean-field ap-
proximation where each electron moves in a field created
by all other electrons. The Hartree approximation allows
us to express the electronic wavefunction as

Ψ(r1, r2, . . . , rN ) = ψ1(r1)ψ2(r2) . . . ψN (rN ). (8)

Even when using the Born-Oppenheimer approxima-
tion to reduce the complexity of the multi-atom Hamil-
tonian and the Hartree product to simply the electronic
wavefunction, solving the Schrodinger equation for multi-
atom systems is still a very computationally-intensive
task. For example, consider a single H2O molecule. H2O
has 2 + 8 = 10 electrons, meaning the Schrodinger equa-
tion for this single molecule would be a 30-dimensional
problem. If we wished to solve for the dynamics and
ground-state energy of a three-dimensional piece of ice
made of only ten H2O molecules in each spatial dimen-
sion, our system would have 10 × 1, 000 = 10, 000 elec-
trons, meaning the Schrodinger equation for this sim-
ple solid would be a 30, 000−dimensional problem. If we

wish to solve the Schrodinger equation for solids materi-
als more realistic than our simple ice lattice, it is clear
that a more powerful technique will be necessary.
The key step in allowing us to investigate the elec-

tronic structure of multi-atom systems is treating the
three-dimensional electron density n(r) as the fundamen-
tal variable that describes the state of a given system,
rather than the 3N -dimensional wavefunction given in
Eq. (8). Considering the electron density rather than
the wavefunction leads to a formalism called Density
Functional Theory. To reliably replace the wavefunc-
tion with the electron density and make solving for the
ground state energy and other properties of multi-atom
systems more realistic, we must demonstrate that the
ground state of our system is uniquely determined by
the electron density and find the equation governing its
evolution.

C. Density Functional Theory

The electron density is the measure of probability of
finding an electron at a specific point in space r. We
determine the electron density by integrating a many-
electron probability density over the coordinates of all
electrons except one:

n(r) = Ne

∫
|Ψ(r1, r2, . . . , rNe)|2d3r2 . . . d3rNe , (9)

where Ψ(r1, r2, . . . , rNe
) is a Hartree product wavefunc-

tion given in Eq. (8) and the prefactor Ne accounts for
the contribution from each electron to ensure the density
is properly normalized.
Though the electron density significantly reduces the

dimensionality of our problem, its exact role in solving for
the ground state energy and dyanmics of multi-atom sys-
tems was not realized until Hohenberg and Kohn demon-
strated two crucial theorems that would lay the ground-
work of density functional theory [2].
The first Hohenberg and Kohn theorem states that

the ground-state electron density n0(r) completely de-
termines the external potential experienced by the elec-
trons, V̂ext(r). This external potential is generated by
the electrostatic interaction between the nuclei and elec-
trons, V̂ext(r) ≡ V̂en, and determines the Hamiltonian of
the system, as is shown in Eq. (6), meaning the ground-
state electron density in principle provides enough infor-
mation to construct all observables from it.
The second Hohenberg and Kohn theorem states that

an energy functional that takes an electron density as an
input E[n(r)] will output a value that is always greater
than or equal to the ground state energy. This implies
that one can minimize this energy functional with re-
spect to the electron density to find the ground state of
the system. To find the form of E[n(r)], we take the
expectation value of the Hamiltonian of Eq. (6) and sep-
arate the term to do with the dynamics of electrons from
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the external potential term:

E[n(r)] = ⟨Ψ|T̂electrons + V̂ee|Ψ⟩+ ⟨Ψ|V̂ext|Ψ⟩

≡ F [n(r)] +

∫
n(r)V̂ext(r)dr,

(10)

where we used the definition of the electron density in
Eq. (9) to write the expectation value of the external
potential as an integral over the density. F [n(r)], called
the exchange-correlation functional, accounts for all the
internal electronic energy contributions, and is in princi-
ple the same for all systems of electrons, so is called the
universal function. The internal electronic energy contri-
butions come from the electrons’ kinetic and interaction
energy, and as such, the universal function can be written
as

F [n(r)] = T [n(r)] + EXC[n(r)]. (11)

Because the interaction term EXC[n(r)] contains contri-
butions from the quantum mechanical exchanges and cor-
relations in our many-body system of electrons, the exact
form of F [n(r)] is unknown1.
The ground-state energy minimizes the total energy

functional, so when a variational method is applied to
Eq. (10), the Kohn-Sham equations are derived[

− ℏ2

2m
∇2 + V̂eff(r)

]
ψi(r) = ϵiψi, (12)

where

V̂eff(r) = V̂ext(r) + V̂Hartree[n(r)] + V̂XC[n(r)]. (13)

The Kohn-Sham equations solve single-electron state ψi

eigenvalue problems, and from these one builds the elec-
tron density using Eq. (9).

The three terms in the effective potential of Eq. (13)
account for three separate contributions to the poten-
tial that an electron’s wavefunction experiences under
the set of approximations discussed earlier in this section.
Vext(r) is the potential generated by the nuclei in the sys-

tem, which we called V̂en earlier. VHartree[n(r)] describes
the classical electrostatic interaction between electrons
in a many-body system, which arises from the Hartree
product approximation given by Eq. (8). The final term,
VXC[n(r)] contains the non-classical contributions from
the exchange and correlations among electrons. It is de-
rived by taking a functional derivative with respect to the
electron density of the exchange-correlation energy term
in Eq. (11). Because EXC[n(r)] must be approximated,
the exact form of VXC[n(r)] is unknown.

With all of the necessary theory in place, the full
scheme of density functional theory is as follows:

1. Guess a trial electron density n(r)

1 See [3] and [4] for standard universal function approximations.

2. Build V̂eff using Eq. (13)

3. Solve for ψi using Eq. (12)

4. Build a new n(r) from the derived ψi terms

5. Repeat until n(r) converges to a ground state den-
sity n0(r)

6. Use n0(r) to derive the ground-state energy E0 us-
ing Eq. (10)

III. DFT IN PRACTICE

Toady, density functional theory is the standard
method for simulating multi-atomic systems; a use which
primarily spans a variety of solid state physics, compu-
tational chemistry, and materials science research. As
explained in the body of this work, DFT relies on physi-
cal assumptions that reduces the complexity of the prob-
lem. Most researchers today use established, community-
developed packages that carry out the computationally-
intensive scheme detailed in the previous section rather
than writing their own software. The most widely-used
package is called the Vienna Ab initio Simulation Package
(VASP) [5–7] due to its ability to produce very accurate
results for a wide variety of materials without requiring
the tuning of many parameters. Research groups buy
licensing to VASP software and compile its code on high-
performance computing clusters, since the amount of cal-
culation that needs to be performed is nearly always too
intense to be run on standard laptop processors. DFT
simulations, most being carried out through VASP, have
been used in a variety of scenarios, such as the prediction
of accurate graphene’s band structure [8], which describes
how electrons move in a system and their associated en-
ergies, and the prediction of high temperature supercon-
ductors [9, 10]. An example of the fat band structure for
graphene sitting on copper generated by VASP is given
in Fig. 1.

FIG. 1. Band structure generated by VASP DFT calculations
for graphene on top of copper [11]
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IV. CONCLUSION

Density functional theory, whose basic scheme has
been outlined in this paper, provides a powerful frame-
work for studying the electronic properties of multi-atom
systems by replacing the many-body wavefunction with
a three-dimensional electron density. This reformula-
tion makes solving for physical properties of interest
for multi-atom systems, such as ground state energies,

computationally-feasible. Though DFT simulations are
computationally-intensive, the theory’s approximations
make the otherwise-intractable problem of solving the
many-body Schrodinger equation possible with a great
deal of accuracy and applicable for a wide range of ma-
terials. For these reasons, DFT has become ubiquitous
in research on the structure and behavior of multi-atom
systems, which spans solid state physics, computational
chemistry, and materials science.
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